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There are exactly three non-trivial solid varieties of semirings, the variety of
all rectangular semirings, the variety VNID of all normal, idempotent, distributive
semirings, and the subvariety of VNID which is deﬁned by the additional identity
x+ yy + x ≈ xy + yx.  2002 Elsevier Science (USA)
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1. INTRODUCTION
A variety V of algebras of the same type is called solid if every identity
in V is satisﬁed as a hyperidentity, i.e., if for every substitution of terms over
V of appropriate arity for the operation symbols occurring in the equation
s ≈ t, the resulting identity holds in V . All solid varieties of algebras of
the same type form a lattice which is a complete sublattice of the lattice
of all varieties of this type. For the variety of all semigroups this lattice is
known and is fully described by Pola´k in [Pol; 99]. For varieties with more
than one operation symbol not so much is known about solid varieties.
Therefore, and since semirings are important structures in applications, we
want to determine all solid varieties of semirings.
Semirings are algebras of type (2 2) where both operation symbols F
and G and the corresponding fundamental operations + and ·, respec-
tively, are associative and satisfy the distributive laws Gx1 Fx2 x3 ≈
FGx1 x2Gx1 x3GFx1 x2 x3 ≈ FGx1 x3Gx2 x3. If
one does not want to distinguish between the denotations of operation sym-
bols and operations one writes x1x2 + x3 ≈ x1x2 + x1x3 x1 + x2x3 ≈
x1x3 + x2x3. Usually the ﬁrst operation is assumed to be commutative
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(see, e.g., [Heb-W; 93]), but semirings which we consider in this paper have
mostly no commutative operation.
For reference, we list below some of the varieties and identities to be
used in this paper. By Mod	 for a given set 	 of equations of type τ we
denote the class of all algebras of this type satisfying every equation of 	
as identity:
I = Modx1 ≈ x2	, the trivial variety, RA2 2 = Modx1 + x2 +
x3 ≈ x1 + x2 + x3 ≈ x1 + x3 x1x2x3 ≈ x1x2x3 ≈ x1x3 x1x1 ≈ x1 +
x1 ≈ x1 x1 + x2x3 + x4 ≈ x1x3 + x2x4	, the variety of all rectangular
semirings,
VNID = Modx1 + x2 + x3 ≈ x1 + x2 + x3 x1x2x3 ≈ x1x2x3,
x1x1 ≈ x1 + x1 ≈ x1 x1 + x2 + x3 + x4 ≈ x1 + x3 + x2 + x4 x1x2x3x4 ≈
x1x3x2x4 x1x2 + x3 ≈ x1x2 + x1x3 x1 + x2x3 ≈ x1x3 + x2x3 x1 +
x2x3 ≈ x1 + x2x1 + x3 x1x2 + x3 ≈ x1x3 + x2x3	, the variety of all nor-
mal ID-semirings (introduced by [Pas-R; 81]). (Note that x1 + x2 + x3 +
x4 ≈ x1 + x3 + x2 + x4 x1x2x3x4 ≈ x1x3x2x4 are called normal identities.)
D = Modx1 + x2 + x3 ≈ x1 + x2 + x3 x1x2x3 ≈ x1x2x3,
x1x1 ≈ x1 + x1 ≈ x1 x1 + x2 ≈ x2 + x1 x1x2 ≈ x2x1 x1x1 + x2 ≈
x1 x1 + x1x2 ≈ x1 x1x2 + x3 ≈ x1x2 + x1x3	, the variety of all distribu-
tive lattices.
S = Modx1 + x2 + x3 ≈ x1 + x2 + x3 x1 + x1 ≈ x1 x1 + x2 ≈
x2 + x1 x1x2 ≈ x1 + x2	, the variety of all bi-semilattices.
Further, we recall the following basic concepts. Hypersubstitutions of type
τ = 2 2 are mappings
σ  FG	 → W2 2X2
where X2 = x1 x2	 is the two-element alphabet of variables and where
W2 2X2 is the set of all binary terms of type τ = 2 2. Hypersubstitu-
tions can be deﬁned for arbitrary types of algebras but here we are inter-
ested only in the type τ = 2 2.
By W2 2X with X = x1 x2     xn   	 we denote the set of all
terms of type (2 2).
Hypersubstitutions can be extended to mappings σˆ deﬁned by:
σˆxi = xi if xi ∈ X is a variable and
σˆf t1 t2 = σf σˆt1, σˆt2 f ∈ FG	 for composed terms t =
f t1 t2.
The hypersubstitution σid which maps f to the term f x1 x2 f ∈ FG	,
is called identity hypersubstitution. The set Hyp of all hypersubstitutions
of type 2 2 forms a monoid with σ1 ◦h σ2 = σˆ1 ◦ σ2 as binary operation
and σid as identity element. An equation s ≈ t is called a hyperidentity in
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the variety V of type τ = 2 2 if σˆs ≈ σˆt are identities in V for all
σ ∈ Hyp. So the concept of a hypersubstitution makes precise our ﬁrst def-
inition of a hyperidentity. We denote by HIdV the set of all hyperidentities
satisﬁed in the variety V . For a given set 	 of equations of type τ = 2 2
we denote by HMod	 the class of all algebras which satisfy each equation
from 	 as a hyperidentity. It is clear that HMod	 is a solid variety.
If A ∈ V and if σ is a hypersubstitution then σA = A σfiAi∈I
is called a derived algebra. A solid variety contains all derived algebras.
If one wants to check whether s ≈ t is satisﬁed as a hyperidentity in the
variety V then the following equivalence relation ∼V deﬁned on the monoid
Hyp allows checking to be reduced to one representative from each block
with respect to the relation ∼V :
σ1 ∼V σ2 ⇐⇒ σ1f  ≈ σ2f  ∈ IdV for f ∈ FG	
The hypersubstitution which maps F to the binary term t and G to the
binary term s is denoted by σt s.
For more background on the theory of hyperidentities and solid varieties
we refer to [Den-W; 2000].
In the next section we want to derive some conditions which a solid
variety of semirings has to satisfy.
2. NECESSARY CONDITIONS FOR SOLID
VARIETIES OF SEMIRINGS
If V is a solid variety of semirings and if s ≈ t is an identity in V then
we get a new identity which is satisﬁed in V if we change the operation
symbols F and G + and · in s ≈ t. This can be done by applying the
hypersubstitution σGx y Fx y to the equation s ≈ t.
2.1. Deﬁnition. A variety V of type τ = 2 2 is called hyperdualiz-
able if σˆGx1 x2 Fx1 x2s ≈ σˆGx1 x2 Fx1 x2t is an identity in V for every
identity s ≈ t in V .
Every solid variety of type τ = 2 2 is hyperdualizable. As a conse-
quence, every solid variety of semirings satisﬁes four distributive laws.
Moreover, we have
2.2. Proposition. If V is a solid variety of semirings then V is a variety
of normal ID-semirings.
Proof. We show that all deﬁning identities of VNID are satisﬁed. We
remark that all four distributive laws are satisﬁed.
If we apply the hypersubstitution σFx1 x2 x1 to the distributive iden-
tity Gx1 Fx2 x3≈FGx1 x2Gx1 x3 we obtain x1≈Fx1 x1
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and by hyperdualizability also x1≈Gx1 x1. Applying the hypersub-
stitutions σGx1 x2Gx1 x2 and σGx2 x1Gx2 x1 to the distributive law
Gx1 Fx2 x3≈FGx1 x2Gx1 x3 gives the identities Gx1G×
x2 x3 ≈ GGx1 x2Gx1 x3 and GGx3 x2 x1 ≈ GGx3 x1,
Gx2 x1; i.e., x1x2x3 ≈ x1x2x1x3 and x3x2x1 ≈ x3x1x2x1.
Then we obtain also x1x2x3x4 ≈ x1x3x2x3x4 ≈ x1x3x2x3x2x4 ≈ x1x3x2x4
using the previous identities and the idempotency. Hyperdualizability gives
the second normal identity.
Proposition 2.2 shows that to ﬁnd all solid varieties of semirings we have
to check the lattice of all subvarieties of the variety VNID. This lattice was
fully described in [Pas; 83]. This will help us to solve our problem.
An equation s ≈ t is called regular if s and t contain the same variables,
and a variety V is called regular if all identities satisﬁed in V are regular. In
[Pos-R; 93] the variety RAτ of all rectangular algebras of type τ was deﬁned
as the variety which is generated by all projection algebras of type τ. RAτ
is the least non-trivial solid variety of type τ. Moreover, in [Pos-R; 93] an
equational basis for the variety RAτ was given. In the case of type τ = 2 2
the variety RA2 2 is deﬁned by the identities given in the Introduction.
2.3. Theorem. The variety RA2 2 is the least non-trivial solid variety of
semirings and every non-trivial solid variety of semirings different from RA2 2
is regular.
Proof. Since RA2 2 is the least non-trivial solid variety of type τ =
2 2 we have to show that it is a variety of semirings; i.e., we have to
show that the distributive laws are satisﬁed. Indeed, if we substitute in
the entropic law the variable x3 for x4 we obtain x1 + x2x3 + x3 ≈
x1 + x2x3 ≈ x1x3 + x2x3 and if we substitute in x1 + x2x3 + x4 ≈
x1x3 + x2x4 the variable x1 for x2 we obtain x1 + x1x3 + x4 ≈ x1x3 +
x4 ≈ x1x3 + x1x4.
Let V be a non-trivial solid variety of semirings and assume that there
exists a non-regular identity s ≈ t in V . Applying the hypersubstitu-
tion σGx1 x2Gx1 x2 to the identity s ≈ t we obtain an identity of the
form xi1xi2    xil ≈ xj1xj2    xjm with i1 i2     il	 ∪ j1 j2     jm	 ⊆1     n	 if t and s are n-ary terms. The hypersubstitutions σx1 x1 and
σx2 x2 show that xi1 = xj1 and xil = xjm ; otherwise V would be the triv-
ial variety. Since s ≈ t is not regular there exists a variable xir which
occurs on the left-hand side, but not on the right-hand side. Substitut-
ing the variable x1 for all variables which are different from xir and using
the idempotent and the normal laws one has x1xir x1 ≈ x1. This givesx1x2x3 ≈ x1x2x1x3 ≈ x1x3 using the normal, the idempotent laws,
and the previous identity and by hyperdualizablity we get the correspond-
ing identities for the other operation. The entropic law can be derived
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from this identity and the distributive laws which are also satisﬁed. Conse-
quently, V = RA2 2 since V is solid and RA2 2 is the least non-trivial
solid variety of semirings.
3. HYPERASSOCIATIVITY AND HYPERDISTRIBUTIVITY
3.1. Deﬁnition. Let V be a variety of semirings. Then V is called
hyperassociative (hyperdistributive) if the associative (distributive) law is
satisﬁed as a hyperidentity in V .
Examples. 1. The variety RA2 2 is hyperassociative and hyperdis-
tributive since it is solid.
2. The variety Vbig = HModFFx1 x2 x3 ≈ Fx1 Fx2 x3,
Gx1 Fx2 x3 ≈ FGx1 x2Gx1 x3	 is the class of all algebras of
type (2 2) such that the associative and distributive laws are satisﬁed as
hyperidentities. The variety Vbig is by deﬁnition hyperassociative, hyperdis-
tributive, and solid. Since from FFx1 x2 x3 ≈ Fx1 Fx2 x3 using
the hypersubstitution σGx1 x2Gx1 x2 we can derive the second associative
law and from Gx1 Fx2 x3≈FGx1 x2Gx1 x3 using the hyper-
substitution σFx1 x2Gx2 x1 we can derive the second distributive law, the
variety Vbig is a variety of semirings. Therefore, it is the greatest solid variety
of semirings.
3. The varieties generated by one of the two-element algebras given
in the following list are hyperassociative and hyperdistributive:
A = 0 1	 e21 e21; e21 is the binary projection 0 1	2 → 0 1	 on
the ﬁrst input;
A◦ = 0 1	 e22 e22; e22 is the binary projection 0 1	2 → 0 1	 on
the second input;
B = 0 1	 e21∧, ∧ denotes conjunction;
B◦ = 0 1	 e22∧;
B• = 0 1	 ∧ e21;
B•◦ = 0 1	 ∧ e22;
F = 0 1	 e21 e22;
F◦ = 0 1	 e22 e21;
J = 0 1	 ∧∨, where ∨ denotes disjunction; the algebra J gen-
erates the variety D of all distributive lattices;
L = 0 1	 ∧∧; L generates the variety S of bi-semilattices.
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The denotation corresponds to the denotation in [Pas; 83]. There are
exactly the following binary terms over the varieties V B V B◦ V B•,
V B•◦, and S x1 x2 x1 ∧ x2. Therefore there are exactly the following
hypersubstitutions over these varieties (using the relation ∼V ):
σx1 x1 σx1 x2 σx1 x1∧x2 σx2 x1 σx2 x1∧x2 σx2 x2
σx1∧x2 x1 σx1∧x2 x2 σx1∧x2 x1∧x2 
If we apply these hypersubstitutions to the associative and distributive laws
we get identities which are satisﬁed in the corresponding varieties.
Over the varieties V A V A◦ V F V F◦, there are exactly the
binary terms x1 and x2. Therefore we have to consider the hypersubsti-
tutions σx1 x1 σx1 x2 σx2 x1 σx2 x2 . Application of these hypersubstitutions
to the associative and distributive laws gives identities in the correspond-
ing varieties. Over the variety D of distributive lattices we have exactly
the binary terms x1 x2 x1 ∧ x2 x1 ∨ x2, and so we have to consider the
hypersubstitutions
σx1 x1 σx1 x2 σx1 x1∧x2 σx1 x1∨x2 σx2 x1 σx2 x2 σx2 x1∧x2
σx2 x1∨x2 σx1∧x2 x1 σx1∧x2 x2 σx1∧x2 x1∧x2 σx1∧x2 x1∨x2
σx1∨x2 x1 σx1∨x2 x2 σx1∨x2 x1∧x2 σx1∨x2 x1∨x2 
It is easy to see that the application of these hypersubstitutions to the
associative and distributive laws gives identities in the variety D. We know
already that Vbig is the greatest solid variety of semirings. But up to now we
have only a description of Vbig by hyperidentities, not by identities.
Clearly Vbig ⊆ VNID since Vbig is solid (see Proposition 2.2).
If we can show that VNID is hyperassociative and hyperdistributive we
would have Vbig ⊇ VNID since Vbig is the greatest hyperassociative and hyper-
distributive variety of semirings. We used the following result from [Pas;
83]:
3.2. Lemma [Pas; 83]. The subvariety lattice of VNID is a Boolean lattice
with 10 atoms and 10 dual atoms, i.e., with 210 elements.
The atoms are exactly the varieties V A V A◦ V B V B◦ V B•,
V B•◦ V F V F◦D, and S. Further VNID = V A ∨ V A◦ ∨ V B ∨
V B◦ ∨ V B• ∨ V B•◦ ∨ V F V F◦ ∨D ∨ S.
It is well known that RA2 2 = V A ∨ V A◦ ∨ V F ∨ V F◦.
Now we can prove
3.3. Lemma. The variety VNID is hyperassociative and hyperdistributive.
Proof. Since the associative and distributive laws are hyperidentities
in RA2 2 V B V B◦ V B• V B•◦D, and S they are also satisﬁed as
hyperidentities in the join of these varieties, i.e., in VNID.
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Consequently we have
3.4. Corollary. The variety VNID of all normal ID-semirings is the great-
est solid variety of semirings. Moreover VNID = Vbig.
4. SOLID VARIETIES BETWEEN RA2 2 AND VNID
In [Pas; 83] the author provides a list of identities each of which deter-
mines one of the dual atoms in the lattice of all subvarieties of VNID. Each
of these identities is satisﬁed by all but 1 of the 10 atoms in the lattice of
all subvarieties of VNID.
x1x2 + x2x1 ≈ x2x1x2 + x1x2 + x2x1 is not satisﬁed in V A;
x1x2 + x2x1 ≈ x1x2 + x2x1 + x2x1x2 is not satisﬁed in V A◦;
x1 + x1x2 ≈ x1x2x1 + x1 + x1x2 is not satisﬁed in V B;
x1x2 + x1 ≈ x1x2 + x1 + x1x2x1 is not satisﬁed in V B◦;
x1x2 + x1x2x1 ≈ x1x2 + x2x1 + x1x2x1 is not satisﬁed in V B•;
x1x2 + x2x1x2 ≈ x1x2 + x2x1 + x2x1x2 is not satisﬁed in V B•◦;
x1x2 + x2x1 ≈ x1x2x1 + x1x2 + x2x1 is not satisﬁed in V F;
x2x1 + x1x2 ≈ x2x1 + x1x2 + x2x1x2 is not satisﬁed in V F◦;
x1x2 + x1 + x1x2 ≈ x1x2 + x1x2x1 + x1x2 is not satisﬁed in D;
x1 + x1x2x1 + x1 ≈ x1 is not satisﬁed in S.
If s ≈ t is one of these identities then we denote by V s ≈ t the subvariety
of VNID generated by this identity.
4.1. Lemma. The variety RA2 2 is the only solid variety in RA2 2,
V x1 + x1x2x1 + x1 ≈ x1.
Proof. Clearly, RA2 2 ⊆ V x1 + x1x2x1 + x1 ≈ x1 since RA2 2 sat-
isﬁes the identity x1x2x1 ≈ x1. If there is a solid variety V with RA2 2 ⊂
V ⊆ V x1 + x1x2x1 + x1 ≈ x1 then V satisﬁes x1 + x1x2x1 + x1 ≈ x1. This
identity is not regular, which contradicts Theorem 2.3.
4.2. Lemma. If
V ∈ V x2x1 + x1x2 ≈ x2x1 + x1x2 + x2x1x2
V x1x2 + x2x1 ≈ x1x2x1 + x1x2 + x2x1
V x1x2 + x2x1 ≈ x2x1x2 + x1x2 + x2x1
V x1x2 + x2x1 ≈ x1x2 + x2x1 + x2x1x2	
then V is not solid and has no non-trivial solid subvariety.
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Proof. Assume that V is solid. Then V has to satisfy the deﬁning iden-
tity as a hyperidentity. Applying the hypersubstitutions σx2 x1 σx1 x2 σx1 x1 ,
σx2 x2 we obtain the identity x1 ≈ x2 which holds only in the trivial variety.
4.3. Lemma. Let
V ∈ V x1 + x1x2 ≈ x1x2x1 + x1 + x1x2
V x1x2 + x1 ≈ x1x2 + x1 + x1x2x1
V x1x2 + x2x1x2 ≈ x1x2 + x2x1 + x2x1x2
V x1x2 + x1x2x1 ≈ x1x2 + x2x1 + x1x2x1	
Then RA2 2 is the only solid variety in RA2 2 V .
Proof. It is easy to check that RA2 2 is contained in each of these
varieties.
Assume that there is a solid variety V ′ in RA2 2 V .
If we apply the hypersubstitution σx1Gx1 x2 in the ﬁrst case and
σx2Gx1 x2 in the second, we get x1 ≈ x1x2x1 ∈ IdV ′. Therefore V ′ =
RA2 2 (see the proof of Theorem 2.3).
In the third case, using the hypersubstitution σGx1 x2 Fx1 x2 one hasx1+ x2x2 + x1+ x2 ≈ x1+ x2x2 + x1x2 + x1+ x2 ∈ IdV ′ and then
x1x2 + x1 + x2 ≈ x1 + x2x2 + x1 + x1x2 ∈ IdV ′ by idempotency and
distributivity and x1x2 + x1+ x2 ≈ x1x2 + x1+ x1x2 + x2 + x2x1+ x2x1x2 ∈
IdV ′ by the distributive and the idempotent laws.
Since V ′ is solid this identity is satisﬁed as hyperidentity and using the
hypersubstitution σx2Gx1 x2 we have x2 ≈ x2x1x2 ∈ IdV ′ and therefore
V ′ = RA2 2.
In the fourth case a similar calculation gives the result.
4.4. Theorem. The variety V x1x2+x1x2x1+x1x2≈x1x2+x1+x1x2=
V x1x2+x2x1≈x1+x2x2+x1 is solid. There is no solid variety differ-
ent from RA2 2 and V x1x2 + x2x1 ≈ x1 + x2x2 + x1 in the interval
RA2 2 V x1x2 + x2x1 ≈ x1 + x2x2 + x1.
Proof. We show at ﬁrst that V x1x2 + x1x2x1 + x1x2 ≈ x1x2 + x1 +
x1x2 = V x1x2 + x2x1 ≈ x1 + x2x2 + x1.
Indeed, in V x1x2 + x1x2x1 + x1x2 ≈ x1x2 + x1 + x1x2 we have
x1 + x2x2 + x1 ≈ x1x2 + x1 + x2 + x2x1
(by the distributive laws)
≈ x1x2 + x1 + x1x2 + x2x1 + x2 + x2x1
(by the idempotent and the normal laws)
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≈ x1x2 + x1x2x1 + x1x2 + x2x1 + x2x1x2 + x2x1
(because of the deﬁning identity)
≈ x1x2 + x1x2x1 + x2x1x2 + x2x1
≈ x1x2 + x2x12
≈ x1x2 + x2x1
(by the idempotent law)
Conversely, in V x1x2 + x2x1 ≈ x1 + x2x2 + x1 we have
x1x2 + x1x2x1 + x1x2 ≈ x1x1x2 + x1x2x1 + x1x2
(by idempotency)
≈ x1 + x1x2x1x2 + x1 + x1x2
(by the deﬁning identity)
≈ x1x2 + x1 + x1x2 + x1x2x1 + x1x2
(by the idempotent and the distributive laws)
≈ x1x2 + x1 + x1x2x1 + x2
(by the idempotent and the distributive laws)
≈ x1x2 + x1 + x1x2x1 + x2
(by the idempotent and the distributive laws)
≈ x1x2 + x1 + x1x2
(by the idempotent and the distributive laws)
Altogether we have V x1x2 + x1x2x1 + x1x2 ≈ x1x2 + x1 + x1x2 =
V x1x2 + x2x1 ≈ x1 + x2x2 + x1.
Now we show that the variety V x1x2 + x2x1 ≈ x1 + x2x2 + x1 is
solid.
Since this variety is a subvariety of VNID and since VNID is solid we have
only to show that the additional identity x1x2 + x2x1 ≈ x1 + x2x2 + x1
is satisﬁed as a hyperidentity.
Since the subvariety lattice of VNID is a Boolean lattice (Lemma 3.2)
each of its elements is the join of atoms and by the list of identities
given in [Pas; 83] the variety of distributive lattices is not contained
in V x1x2 + x2x1 ≈ x1 + x2x2 + x1. Therefore V x1x2 + x2x1 ≈
x1 + x2x2 + x1 = RA2 2 ∨ V B ∨ V B◦ ∨ V B• ∨ V B•◦ ∨ S. It
is enough to check that x1x2 + x2x1 ≈ x1 + x2x2 + x1 is a hyperiden-
tity in RA2 2 V B V B◦ V B• V B•◦, and S. There are exactly the
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following binary terms: x1 ∧ x2 x1, and x2. This gives the hypersubstitutions
σx1 x1 σx1 x2 σx1 x1∧x2 σx2 x1 σx2 x2 σx2 x1∧x2
σx1∧x2 x1 σx1∧x2 x2 σx1∧x2 x1∧x2 
If we apply these hypersubstitutions to the identity x1x2 + x2x1 ≈ x1 +
x2x2 + x1 we get identities in the corresponding varieties. This shows
that x1x2 + x2x1 ≈ x1 + x2x2 + x1 is a hyperidentity in V B, V B◦,
V B•, V B•◦, and S.
The variety RA2 2 is solid and x1x2 + x2x1 ≈ x1 + x2x2 + x1 is an
identity. Therefore, it is a hyperidentity. Thus x1x2 + x2x1 ≈ x1+ x2x2 +
x1 is a hyperidentity in V x1x2 + x2x1 ≈ x1 + x2x2 + x1 and this vari-
ety is solid. Assume that there is a solid variety V with RA2 2 ⊂ V ⊂
V x1x2 + x2x1 ≈ x1 + x2x2 + x1.
If S is not contained in V then the identity x1 + x1x2x1 + x1 ≈ x1 is
satisﬁed in V . But this cannot be a hyperidentity since it is not regular
(Theorem 2.3). Assume that S is contained in V and at least one but not
all of the varieties V B, V B◦, V B•, V B•◦ are contained in V . Each
of the algebras B, B◦, B•, B•◦ can be derived from one of them using a
hypersubstitution. A solid variety V has to contain all derived algebras.
This contradicts the solidity of V .
If S is contained in V and none of the varieties V B, V B◦, V B•,
V B•◦ is contained in V then V = RA2 2 ∨ S. So x1 + x1x2 ≈ x1x2x1 +
x1x2 ∈ IdV . Moreover x1 ≈ x1x2x1 ∈ IdV , using the hypersubstitution
σx1Gx1x2. This contradicts V = RA2 2. Altogether V cannot be solid.
By Corollary 3.4, Lemmas 4.1–4.3, and Theorem 4.4 we obtain our main
result:
4.5. Theorem. There are exactly three non-trivial solid varieties of semi-
rings: RA2 2 V x1x2 + x2x1 ≈ x1 + x2x2 + x1, and VNID.
For each variety V we get the following solid variety:
χV = ⋂V ′ such that V ′ is solid and V ⊆ V ′	 (the variety χV is called
the solid closure of V ).
Our theorem shows that the solid closure of a variety of semirings is again
a variety of semirings iff V ⊆ VNID. Each non-trivial subvariety of VNID
has one of the following solid closures: RA2 2 V x1x2 + x2x1 ≈ x1 +
x2x2 + x1, and VNID. For instance we have χD = VNID and conse-
quently the set Fx1 Fx2 x3 ≈ FFx1 x2 x3Gx1 Fx2 x3 ≈
FGx1 x2Gx1 x3	 is a hyperidentity basis of the variety D (Corollary
3.4; Example 2, in Section 3; see also [Pen-P; 92]).
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